Forces related to A-B phases between fluxons with Φ = αΦ 0 α = integer are discussed. We find a α 2 ln(r) type interaction screened on a scale λ s . The forces exist only when the fluxons are actually immersed in the region with non vanishing charge density and are periodic in α. We briefly comment on the problem of observing such forces.
There is no magnetic field outside an ideal infinitely long and thin solenoid and there is no electromagnetic force per unit length between such parallel solenoids or fluxons. In the following we note that the presence of charged particles between and around the fluxons induces a new type of force between them which is of some theoretical interest. We also briefly comment on the prospects of detecting such interactions.
Let us assume that n F fluxons Φ 1 , Φ 2 , ...., Φ n F have been introduced at locations A i will then change the wave function Ψ (0) ( r 1 , r 2 , ..., r N ) → Ψ (0) ( r 1 , r 2 , ..., r N ; R 1 , Φ 1 , R 2 , Φ 2 , ..., R n F , Φ n F ) (1) and shift the initial ground state energy E (0) to
This induced energy shift can be viewed as an interaction energy between the fluxons:
The gradients ∇ R i W will then yield forces F i acting on the fluxons Φ i . To simplify the following we assume that the ground state wave function factorizes:
The ground state energy shift induced by introducing the fluxons is then a sum:
over the shifts of the individual N energies E γ i of the N charges. The latter will now be assumed to be fermions say electrons, and suppose, for simplicity, that the electrons do not interact with each other.
Let us first consider the simplest case of one fluxon Φ = αΦ 0 introduced in the center of a cylindrical region of radius R. In this geometry the free wave functions will be eigen- 
The sum of the energy shifts of the pair of levels l = ±|l| is then
The total energy shift is found by summing δE 
is the total energy recquired in order to insert one fluxon at the center of a cylinder of radius
R. An extra 1/2 factor is due to the fact that there are only half as many (l = ±|l|) pairs.
The logaritmic dependence of W tot α (R) on R is expected on general grounds. Assume that the fluxon is inserted at the center of a cylindrical hole of radius R in , inside a concentric annulus of external radius R out . The mininal substitution in the regular, symmetric, gauge
A, is such that the total energy
remains invariant if we scale x → λx and y → λy, provided we have a homogeneous uniform (two dimensional) density
This implies that W ≃ log(R out /R in ) The argument holds also for general domains of overall size R and any shape: only the coefficient in W (R) ≃ c ln(R) would depend on the dimensionless ratio characterizing the shape.
Equation (8) has a quadratic dependence (∼ α 2 ) on the energy on the flux. Due to the invariance of all topological effects under Φ → Φ + nΦ 0 , the energy is periodic under α → α ± n. Also the energetics should be invariant under time reversal which flips magnetic fluxons: Φ i → −Φ i . This together with periodicity implies that for 1/2 < α < 1 the coefficient should become In the case of cylindrical symmetry the intial angular real wave functions (sin(|l|θ), cos(|l|θ)) have each 2|l| nodal lines at the origin. The shifts |l| → |l| ± Returning to the main issue let us address next the mutual interaction energies of two semi-fluxons at a distance | R 1 − R 2 | = a inside a uniform medium of charged particles, with constant two dimensional density n 2 give by equation (11), introduced near the origin at the center of a large domain. At a distance r from the origin the vector potentials are: 
The numerical factor of order one ξ representns the effects of having a two center system. This interaction leads then to an attractive force between the two semi-fluxons
Recalling that W and F represent the effect of "one layer" and n 2 is the two dimensional number density in this layer, we can rewrite the last equation in a more usfull form as
with n the true three dimensional density of the charges. The coefficient ξ(α 1 , α 2 ) should be periodic in both α 1 and α 2 . For positive α i the force will be attractive if α 1 + α 2 > 1/2.
However for α 1 + α 2 < 1/2 we expect repulsion: the energy of the joint system with Φ 1 Φ 2 overlapping (∼ (α 1 + α 2 ) 2 ) exceeds the sum of energies of two seperate fluxons: ∼ α
The topological origin of the forces is clearly manifest by the fact that such forces act only on fluxons which are actually immersed in the charged particle background but is absent for fluxons which are outside this region. Thus if in the example of the concentric cylindrical geometry discussed above, we move the fluxon inside a hole, the energy of the system is unchanged and no force is expected. Since there are no charged particles in the hole we can continue using the same gauge potential A(r) = In passing we note that QCD is a nice example of confinement-screening interplay. The spectra of heavy quark-antiquark,QQ, system suggests a confining linearQQ potential V = σR at "large" distances and the same is expected to QQ baryons in SU (2) Finally it is amusing to compare the topological force (14) with the Casimir force [6] between two parallel conducting wires ∼h Since generally a >> a 0 this ratio is very large.
The origin of this large ratio is easy to assess. Only vacuum fluctuations (photons) on scales λ ∼ a contribute to the Casimir force whereas all electron modes down to wavelength λ ∼ a 0 contribute equally to the interaction energy and force proposed here.
